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ABSTRACT
In this work we study the stellar-dynamical hardening of unequal mass supermassive black hole
(SMBH) binaries in the central regions of galactic nuclei. We present a comprehensive set of direct
N-body simulations of the problem, varying both the total mass and the mass ratio of the SMBH
binary (SMBHB). Simulations are carried out with the ϕ−GPU N -body code, which enabled us
to fully exploit supercomputers equipped with graphic processing units (GPUs). We adopt initial
axisymmetric, rotating models, aimed at reproducing the properties of a galactic nucleus emerging
from a galaxy merger event, containing two SMBHs initially unbound. We find no ”final-pc problem”,
as our SMBH’s tend to pair and shrink without showing significant signs of stalling. This confirms
earlier results and extends them to large particle numbers and for rotating systems. We find that the
SMBHB hardening depends on the binary reduced mass ratio via a single parameter function. Our
results suggest that SMBHB at high redshifts are expected to merge with a factor of ∼3 more efficiently,
thus can significantly affecting the population of SMBHs potentially detectable as gravitational wave
sources.
Keywords: black holes – binary black holes — galactic nuclei – stellar dynamics
1. INTRODUCTION
According to the hierarchical structure formation sce-
nario in the Λ Cold Dark Matter (ΛCDM) paradigm,
bright massive galaxies are supposed to form through
mergers and accretion of smaller galaxies. SMBHs
are commonly observed at the centers of most galax-
ies, and their mass correlates with several properties of
their host galaxy, such as bulge mass (Ho & Kim 2014)
or central velocity dispersion (see e.g., Gu¨ltekin et al.
2009). Therefore, if the majority of galaxies harbor an
SMBH in their centers, SMBHB should represent an
unavoidable outcome of the hierarchical formation sce-
nario (Begelman et al. 1980). Several works attempted
at detecting SMBHB in galactic nuclei, for instance
chasing special patterns in radio lobes, jets, or quasi-
periodic electromagnetic emission in their light curves
(Komossa 2006). In some cases, these techniques per-
mitted to constrain orbital properties an estimate the bi-
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nary parameters. Two examples are 0402+379, a galaxy
containing an SMBH pair candidate with total mass
∼ 108 M⊙, identified via radio observations achieved
with the very long baseline interferometer (VLBI, see
e.g. Rodriguez et al. 2006), or OJ287, an SMBHB can-
didate detected via quasi-periodic outbursts for which it
has been possible to model the binary separation (∼ 0.05
pc), eccentricity (∼ 0.6) and spin (modeled taking into
account even the spin-orbit interaction, see Valtonen
2007; Valtonen et al. 2010a,b).
The relativistic in-spiral and final coalescence driven
by gravitational wave (GW) emission makes SMBHB
among the strongest sources to be measured with
future GW space satellite missions, like the Laser
Interferometer Space Antenna (LISA) (Gong et al.
2011; Amaro-Seoane et al. 2013, 2017), or the TianQin
(Luo et al. 2016) and Taiji (Ruan et al. 2018) space de-
tectors. It is therefore of paramount importance to un-
derstand the astrophysical processes that drive SMBHBs
from the unbound, pre-merger state, into the relativistic
regime and their associated efficiency. This information
can be used to place robust, and physically motivated,
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constraints on the merger rate of these GW sources and
provide a test-bed for GW signal templates to be com-
pared with future observations.
However, the large amount of existing works focused
on full numerical simulations of SMBHs pairing and evo-
lution did not fully cover all the important parameters
space yet. In particular, within the hierarchical galaxy
formation scenario the range of mass ratios in galaxy
mergers can hugely vary from 1:1 (major mergers) to
1:3, down to minor mergers, i.e. with mass ratios even
below 1:10 (cfr. e.g. Naab et al. 2006, 2009). Given the
correlations between galaxies and SMBHs masses, it is
thus expected that also SMBHBs should form with a
wide range of mass ratios. However, the majority of nu-
merical studies based on N-body models focused mostly
on nearly equal mass binaries. Moreover, the galactic
nucleus produced in a galaxy merger event is expected
to preserve a non-negligible rotation due to the global
angular momentum conservation. The collective motion
of stars affected by the rotation of the galactic nucleus
can have a non-trivial effect onto the SMBHB evolution.
In this paper, we expand the simulations presented in
Berczik et al. (2006) by exploring a wider range of mass
ratios, 0.01−1, and taking into account also the rotating
nuclei.
Furthermore, the new simulations are based on our
improved ϕ−GPU N -body code (Berczik et al. 2013b)
that implements General Relativity effects in the form
of post-Newtonian corrections to the equations of mo-
tion (Sobolenko et al. 2017; Khan et al. 2016). This
will enable us to follow the SMBH binary evolution as
the result of the simultaneous action of stellar harden-
ing and GW emission all the way to final coalescence,
and to model the GW signal during the final inspiral
Khan et al. (2013); Sobolenko et al. (2017); Khan et al.
(2018).
The paper is structured as follows: in Section 1 we
present the introduction to the topic; in Appendix A we
describe the numerical method; in Section 2 we describe
the system of units and initial conditions used in our N-
body simulations; in Section 3 we describe the hardening
rates found in our simulations for different binary SMBH
mass ratios; whereas in Section 4 we summarize and
discuss the main conclusions of our paper.
2. UNITS AND INITIAL CONDITIONS
We analyze a suite of 68 N-body simulations com-
prised of N = 25k, 50k, 100k, 250k, 400k, 1M par-
ticles, modeling the evolution of an SMBHB embed-
ded in a rotating galactic nucleus, to reproduce the
typical environment of the inner regions of a post-
merged galaxy. Details about these simulations are
provided in Berczik et al. (2006) and Berentzen et al.
(2009), whereas in this work we focus only on the anal-
ysis of their outcome. We briefly summarize the main
features of our models as follows.
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Figure 1. This figure shows the inverse of the binary’s semi-
major axis a as a function of time for the four different par-
ticles numbers N (100k, 200k, 400k, 1M) model with SMBH
mass ratio m1 : m2 = 0.01 : 0.002. The black dashed line
shows the common corresponding linear fit between the time
interval t = 50 - 150.
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Figure 2. Hardening rate for SMBH binaries with differ-
ent mass ratios q = m2/m1 (note m1 ≥ m2) as a function
of the binaries total mass M12 = m1 +m2. Different sym-
bols represent models with different particle numbers N (see
Table 1), respectively. The colors are used to indicate the
primary SMBH mass m1.
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Figure 3. Hardening rate as a function of the ratio between
the reduced mass and the mass ratio, µ/(1+q). Color coding
marks the mass of the primary component, whereas different
symbols refer to different models.
All simulations are initially scaled applying the stan-
dard strategy for N -body normalization (Aarseth et al.
1974), according to which both the gravitational con-
stant and the total mass of the stellar system are set
to unity, G = M = 1, and the total energy of the sys-
tem is set to E = − 1
4
. The galactic nucleus follows
initially a rotating King distribution function (see, e.g.,
Einsel & Spurzem 1999, and references therein). We set
the dimensionless potential well (King parameter) and
rotation parameters to W0 = 6 and ω0 = 1.8, respec-
tively, in all our models. At the center of the nucleus,
we place two SMBHs initially unbound with primary
mass m1 = (1 − 4) × 10
−2 times the nucleus mass and
the mass ratio q = 10−4−1. The corresponding range of
reduced mass adopted is thus µ ≡ m2 ·m1/(m1+m2) =
9.9 × 10−3 − 2. The total angular momentum vector
of both the stellar nucleus and the SMBHs are aligned
with the z-axis of our coordinate frame. We place the
two SMBHs in the z = 0 mid-plane with initial coor-
dinate components x1,2 = 0 and y1,2 = ±0.3, where
the sub-scripts denotes the two SMBHs. Note that the
SMBHs coordinates are given in N -body units, and the
distance from the center of the SMBHs particles roughly
corresponds to the influence radius of models in which
the SMBHB has a total mass of 2× 10−2.
The initial velocities for the two SMBH is oriented
along the x-axis and set to vx;1,2 = ±Vcirc, where Vcirc
is the circular velocity within the stellar background
model. Note that our choice of initial parameter and
scaling implies a circular velocity Vcirc ≈ 0.7 in N -body
units, at the initial SMBH position.
We complement our simulations database with a extra
set of 4 further models in which we assume for the SMBH
initial velocity vx;1,2 = ±0.1Vcirc ≈ 0.07. This choice
implies that the SMBHs move initially on more eccentric
orbits compared to the other simulations, thus allowing
them to pair in a shorter timescale. All the main features
of our models are summarized in Table 1.
3. RESULTS AND DISCUSSION
Due to the initial rotation, the stellar distribution un-
dergoes bar-instability and form a rotating triaxial nu-
cleus, as discussed in our previous works (Berczik et al.
2006; Berentzen et al. 2009). The two SMBHs migrate
inward due to dynamical friction until to the point at
which they become gravitationally bound.
After the SMBHB formation, continuous interactions
with the surrounding field stars causes the shrinking of
the orbit, i.e. a progressive decrease of the binary semi-
major axis a. The semi-major axis evolution can be
dissected in two phases, one during which the binary or-
bit evolution is driven by both dynamical friction and
stellar hardening, and another, dominated by stellar en-
counters, during which the binary shrinking proceeds at
a nearly constant rate.
Figure 1 shows the time evolution of the inverse of the
binary semi-major axis (1/a) in the case of a set of mod-
els characterized by m1 : m2 = 0.01 : 0.002, assuming
N = 100k, 200k, 400k and 1M. The plot outlines that
the hardening follows a nearly linear trend, regardless of
the number of particles. Therefore the slope of the 1/a
curve provides us with an estimate of the binary harden-
ing rate, s(t) = d(1/a)/dt. The black dashed line in Fig-
ure 1 represents the best-fitting linear relation calculated
for the time interval t = 50 - 150 (N -body units). By
definition, integrating over time the relation s(t) would
enable us to infer the binary evolution as consequence of
stellar hardening. Coupling the hardening rate with the
extra hardening triggered by GW emission enables to
infer the binary merger time (e.g. Gualandris & Merritt
2012; Arca-Sedda & Gualandris 2018).
Figure 2 shows the dimensionless hardening rate for
SMBHBs with different mass ratios q ≡ m2/m1 as a
function of the binary total mass M12 = m1 + m2 for
models with different particle numbers N (see Table 1)
and different values of the mass of the primary SMBH.
The plot outlines how, at a fixed SMBHB total mass, a
heavier primary – i.e. a lower mass ratio – determines
larger hardening. Similarly, at fixed primary mass, we
see that heavier binaries – i.e. heavier companions – are
associated with a smaller hardening rate. This implies
that the efficiency of stellar hardening is maximized for
low mass-ratio SMBHBs with a heavy primary mass.
This result holds regardless of the number of particles
used, thus confirming that is a physical effect rather than
numerical.
Taking advantage of scattering experiments,
Rasskazov et al. (2019) recently showed that for low
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Table 1. Set of parameters of our model runs.
m2 m1 µ 025k 050k 100k 250k 400k 1M
10−2 10−2 10−2
0.01 1 0.0099 — — 450 — — —
0.02 1 0.0196 — — 450 — — —
0.03 1 0.0291 — — 350 — — —
0.05 1 0.0476 — — 350 — — —
0.10 1 0.0909 250 250 250∗ 250 250 150
0.20 1 0.1666 250 250 250∗ 250 250 150
0.50 1 0.3333 250 250 250∗ 250 250 150
1.00 1 0.5000 250 250 250∗ 250 250 150
0.02 2 0.0198 — — 450 — — —
0.03 2 0.0295 — — 450 — — —
0.05 2 0.0488 — — 350 — — —
0.10 2 0.0952 — — 350 — — —
0.20 2 0.1818 — — 250 — — —
0.40 2 0.3333 — — 250 — — —
1.00 2 0.6666 250 250 250 250 250 150
2.00 2 1.0000 250 250 250 250 250 150
0.04 4 0.0396 — — 450 — — —
0.08 4 0.0784 — — 450 — — —
0.10 4 0.0976 — — 350 — — —
0.20 4 0.1905 — — 350 — — —
0.40 4 0.3636 — — 250 — — —
0.80 4 0.6666 — — 250 — — —
2.00 4 1.3333 250 250 250 250 250 150
4.00 4 2.0000 250 250 250 250 250 150
Note—Col. 1-2: SMBH masses (primary and secondary correspondingly) in a 10−2 model units. Col. 3: reduced mass
µ ≡ m2 · m1/(m1 + m2) in a 10
−2 model units. Col. 4 – 9: Particle number in the stellar galactic nucleus. ∗: in these
simulations we did two independent set of runs. After the first set of runs, where the initial orbital velocity of the SMBH was
exactly circular Vcirc, we run a second set of runs where the initial velocity of the SMBHs was 0.1 Vcirc.
mass ratios (q < 10−2) the hardening rate is propor-
tional to (1 + q)2/q. We find a similar dependence in
our full N-body models, namely that the hardening
is tightly described by a simple relation involving the
primary mass and mass ratio:
(1 + q)2
q
1
m1
≡
(1 + q)2
m2
≡
1 + q
µ
. (1)
Figure 3, shows the relation between the hardening
rate and the µ/(1 + q) quantity. We find that this re-
lation is well fitted by the following simple exponential
formula:
s = Aexp(−Bµ/(1 + q)), (2)
with A = 17.5 ± 0.3 and B = 186 ± 9. Note that this
relation implies that the secondary mass and the total
mass ratio play the most effective role in shaping of the
SMBHB evolution.
The fitting formula provided above enables to link the
binary hardening rate to the masses of the binary com-
ponents. Figure 3 compares our fitting formula with
the simulated data for the 52 largest N models consid-
ered here. We see that passing from µ/(1 + q) = 10−4
to 10−2 the hardening rate decreases by a factor of 5.
At a fixed primary mass, this implies that highly asym-
metric binaries (q ≪ 1) tend to be characterized by a
more effective hardening compared to the case of nearly
equal mass SMBHBs. This might crucially affect the
merger efficiency of SMBH’s in minor galaxy mergers,
which are expected to contribute to the formation of
SMBHB with mass ratio 1:10 - 1:3 especially at high
redshift (e.g. Callegari et al. 2011). Primary mass val-
ues 106−107 M⊙ merging with a small companion might
be bright GW sources for the laser interferometer space
antenna (LISA Amaro-Seoane et al. 2017) and similar
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space-based detectors like TianQin (Luo et al. 2016),
Taiji (Ruan et al. 2018), or µAres (Sesana et al. 2019).
4. SUMMARY
We have presented a systematic study of the evolu-
tion of asymmetric SMBH binaries harbored in a non-
axisymmetric, dense stellar galactic nucleus. To be able
to perform this large systematic set of direct N -body
simulations we have developed a new high-performance
computing code ϕ−GPU that enables full exploiting
of current and next generations high-performance GPU
clusters.
Our simulations suggest that the binary hardening
rate for unequal mass SMBHB does not depend on the
number of particlesN , at least in the regime investigated
here. The stellar hardening in our modelled SMBHBs is
sufficiently effective to drive the SMBHB toward coales-
cence in a short timescale ∼Gyr Berentzen et al. (2009).
For a fixed mass of the primary SMBH, i.e., the more
massive one, we find an significant increase in the hard-
ening rate for smaller masses of the secondary (i.e.,
lighter) SMBH. On the other hand, for a fixed mass
of the secondary SMBH we find the hardening rate to
be proportional to the primary’s mass.
We find a tight relation between the hardening rate
and the binary total mass M1,2 and reduced mass µ,
which suggests that SMBHB shrinkage process can be
described by a two-parameters relation. Smaller values
of M12 and µ result in an increase of the hardening rate.
The hardening rates in our models support predictions
of 3-body scatter experiments (see e.g., Hills & Fullerton
1980; Hills 1983; Rasskazov et al. 2019), which suggests
a scaling between hardening rate and binary mass ratio.
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APPENDIX
A. NUMERICAL METHOD
The simulations presented in this work have been carried out using the direct N -body code ϕ−GPU code. Our
N-body package use a high order Hermite integration scheme and individual block time steps (the code supports time
integration of particle orbits with 4th, 6th and even 8th order schemes). Such a direct N-body code evaluates in principle
all pairwise forces between the gravitating particles, and its computational complexity scales asymptotically with N2.
We refer the more interested readers to a general discussion about different N-body codes and their implementation
in Berczik et al. (2011, 2013a).
The ϕ−GPU code is fully parallelized using the MPI library, This code is rewritten from scratch in C++ and based on
earlier CPU serial N-body code (YEBISU; Nitadori & Makino (2008)). The MPI parallelization was done in the same
“j” particle parallelization mode as in the earlier ϕ−GRAPE code (Harfst et al. 2007). All the particles are divided
equally between the working nodes and in each node the fractional forces are calculated only for the so called “active”
– “i” particles at the current time step. Due to the hierarchical block time step scheme the average number Nact of
active particles (particles for which the forces are computed at a given time level) is usually small compared to the
total particle number N, but it’s actual value can vary from 1 to N. The full forces from all of the particles acting on
the active particles are obtained after using the global MPI communication routines.
The current version of the ϕ−GPU 1 code uses a native GPU support and direct code access to the GPU using the
NVIDIA native CUDA library. The multi GPU support is achieved through global MPI parallelization. Each MPI
process uses only a single GPU, but usually up to four MPI processes per node are started (in order to effectively
use the multi core CPUs and the multiple GPUs on our clusters). Simultaneously, our code effectively exploits also
the current CPU’s OpenMP parallelization. Each MPI process on the nodes can uses up to 16 OMP cores in parallel
(mainly for the loop parallelization in the C++ part of the main code). The code is designed to use different softening
parameters for the gravity calculation (if it is required) for different astrophysical components in our simulations like
SMBHs, dark matters or stars particles. More details about the ϕ−GPU code public version and its performance we are
presented in Berczik et al. (2011, 2013a). The present code is well tested and already used to obtain important results
in our earlier large scale (up to few million body) simulations (Kennedy et al. 2016; Wang et al. 2014; Zhong et al.
2014; Li et al. 2012; Just et al. 2012).
Before we start our production runs for the different particles number we first check the optimal integration parameter
η which controls the accuracy of the integration. For this reason we start the N=8k model with 6 different values of
η = 0.020, 0.010, 0.007, 0.005, 0.002, 0.001. The time steps we are calculated using the standard Aarseth timestep
criteria (Aarseth 1985).
After the total energy check we see that the optimal η parameter (speed vs. accuracy) is around 0.01. The total
energy drift (dEtot/dt) for this range of η in our simulation is vary from 5·10
−9 to 2·10−12. With such a integration
parameter our largest the N=1M particle simulation up to tend = 150 on our GPU computing system (with NVIDIA
K20 GPU) take ∼140 hours of real computation time with the total code performance around ∼1.15 Gflops.
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